LOCALIZATION AND DIMENSION FREE ESTIMATES FOR MAXIMAL FUNCTIONS. 

ALBERTO CRIADO AND FERNANDO SORIA 

Abstract. In the recent paper [J. Funct. Anal. 259 (2010)], Naor and Tao introduce a new class of 
CO . measures with a so-called micro-doubling property and present, via martingale theory and probability 

methods, a localization theorem for the associated maximal functions. As a consequence they obtain a 
weak type estimate in a general abstract setting for these maximal functions that is reminiscent of the 
'n log n result' of Stein and Stromberg in Euclidean spaces. 
Vh ' The purpose of this work is twofold. First we introduce a new localization principle that localizes 

not only in the time-dilation parameter but also in space. The proof uses standard covering lemmas and 
selection processes. Second, we show that a uniform condition for micro-doubling in the Euclidean 
spaces provides indeed dimension free estimates for their maximal functions in all L''' with p > 1. This 
is done introducing a new technique that allows to differentiate through dimensions. 
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<J '. 1. Introduction 

C^ I We say that {X, d, fi) is a metric measure space if {X, d) is a separable metric space and fi a 

Radon measure on it. We denote by B{x,r) the open ball centered at x with radius r with respect to 
the metric d, that is 

B{x,r) = {y £ X : d{x,y) < r}. 

We will assume that the measure /i is non-degenerate. This means that any ball with positive radius 
Q^ ■ has non-zero measure. Given T C (0, oo), for a locally integrable function / over X we define the 

C^ ! following centered maximal operator 

cn. 1 /■ 

^' : MTf{x)= sup—- ^ / \fiy)\df,iy). 

When T = (0, oo), the operator M = Mt represents the usual Hardy-Littlewood maximal operator. 
As in the case of evolution equations and semigroup theory we can think of T as a set of times and 
. ^_, then Mt is the maximal operator on them. 

X 

H ■ We will also assume that the measure /i satisfies a doubling property. This simply says that the 

- - -' measure of a ball is comparable with the measure of certain dilation of it. The classical way of express- 

ing the doubling property uses the dilation factor 2. That is, /i is doubling if there exists a constant 
iC > so that for each x e X and R> one has fi{B{x, 2R)) < Kfx{B{x, R)). 

In these hypotheses one can reproduce the argument of Vitali's covering lemma to show that Mt 
is weakly bounded on L^{p). That is, there exist a constant c^i > so that 



^({x G X : MTf{x) > A}) < ^ I |/|d/i, 



for all A > and all locally integrable / over X. Since \\MTf\\L°°{^i) ^ II/IIl°°(/x)' by interpolation 
one obtains the LP{^) bounds 

l|MT/||LP(^)<C^,p||/|kp(^), 



2010 Mathematics Subject Classification. 42B25. 

Key words and phrases. Maximal functions, radial measures, dimension free estimates. 

Authors supported by DGU grant MTM2010-16518. 

1 



2 A. CRIADO AND F. SORIA 

for all p > 1. The order of magnitude of the constants c^^i and C^^p that we obtain is essentially that 
of the doubling constant K and K^''Pp/{p — 1) respectively. 

In the case that X = M" and /i = m„ is Lebesgue measure, the value of the doubling constant K 
is 2"'. Hence the aforementioned constants Cm^^i and Cm„,p grow exponentially to infinity with the 
dimension. It has been a matter of interest to know if these constants can be bounded uniformly in 
dimension. E.M. Stein fST] (detailed proof in |32|) proved this for Cmn,p withp > 1 when considering 
the Euclidean metric. J. Bourgain [7 1, [8 1, [9| and independently A. Carbery fT2^, showed that for the 
metric given by a norm, uniform bounds hold ii p > 3/2. This was extended to all the range p > 1 by 
D. Miiller in lITTl for the maximal functions associated with the £"? metrics, with 1 < g < oo. Observe 
that this excludes the case q = oo, where the 'balls' are cubes with sides parallel to the coordinate 
axes. Recently J. Bourgain has solved this case by giving uniform bounds on L^ for all p > 1 (see 

El). 

The case p = 1 is more complicated. J.M. Aldaz showed in [2| that for the i°° metric the constants 
Cm„,i grow to infinity as n — )• oo. As shown by Aubrun [6|, in this case one has the estimate Cm^^i > 
Ce(logn)^^^ for each e > 0. It is still unknown if this also happens for other metrics, although 
there are partial results in the form of upper bounds for the possible growth of the constants. When 
considering the Euclidean metric a special argument allows to prove that Cm„,i = 0{n). For metrics 
given by general norms the best upper bound remains Cm„,i = 0{nlogn). Both results are due to 
E.M. Stein and J.O. Stromberg in ||32| . In this last paper, instead of the usual doubling condition, they 
used the fact that in M" one has 

mn(,B{x, (1 + l/n)R)) = (1 + 1/n)" m„(5(x, R)) < e mn{B{x, R)). 

That is, the dilation by the factor (1 + 1/n) does not increase essentially the volume of a ball. This 
allows to perform a more efficient covering argument with less overlapping than in Vitali's lemma. 



A. Naor and T. Tao observed in 1281 that in order to extend Stein and Stromberg 'n log n' bound 
to general metric measure spaces suffices to assume that dilations by the factor (1 + 1/n) preserve 
essentially the volumes of balls and that the measures of intersecting balls with the same radius are 
comparable. We next explain this conditions and state their result in detail. 

Let {X, d, /i) be a metric measure space. Given a positive number n > 1, we will say that fi is 
n-micro-doubling if there exists a constant Kq > such that for each x ^ X and R > one has 

fiiBiix, (1 + l/n)R)) < Ko fiiB{x, R)). 

Of course n here is not necessarily related to any notion of dimension. We will refer to Kq as the 
n-micro-doubling constant. 

We will say that a measure fi is weakly-doubling if the measure of two intersecting balls with the 
same radius is comparable. That is, there exists a constant Ki > such that for each x,y G X and 
R>0 such that B{x, R) n B{y, R)^% one has 

^i{B{y,R))<K^^,{B{x,R)). 



Following the terminology of A. Naor and T. Tao in 11281 . we will say that a measure ^ is strong 
n-micro-doubling if it is both, n-micro-doubling and weakly-doubling. Equivalently, /i is strong n- 
micro-doubling if there exist a constant A' > so that for each x G X, i? > 0, and y G B{x, R) one 
has 

li{B{y,{l + l/n)R))<Kii{B{x,R)). 
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It is easy to see that every Ahlfors-David n-regular metric measure space is strong n-micro- 
doubling. We recall that a metric measure space {X, d, fi) is said to be Ahlfors-David n-regular if 
there exists a constant C > 1 so that 

^R''<fi{B{x,R) <C W", 

for all X G X and i? > 0. In the Euclidean n-dimensional case, some examples of strong n-micro- 
doubling measures are given by the power densities |a;|", with a > —n. See Section [3m for more 
details. 

We will consider maximal operators associated with the following type of time sequences in 
(0,oo). A sequence {ofclfcez C (0, oo) is lacunary if there exist o > 1 so that a^+i > aa^. If 
o = n > 1 in this setting of n-micro-doubling measures, we will say explicitly that the time sequence 
is n-lacunary. Now we are ready to state the maximal theorem presented by A. Naor and T. Tao in 

Gil. 



Theorem 1.1. Let {X, d, /i) be a measure metric space, with ^ a strong n-micro-doubling measure 
with constant K. Then we have the following weak type estimates 

i) if T C (0, oo) is an n-lacunary sequence, then[] 

//({xGX:MT/(x)>A})<^||/||ii(^), 
ii) if T C (0, oo) is a lacunary sequence with constant a, then 



/i({x G X : MTf{x) > A}) < ^1^||/||^,(^), 
///) if T = (0, oo) so that M = Mt is the Hardy-Littlewood maximal operator, then 

/x({x G X : Mf{x) > A}) < ^il!ii^i!^||/||^.(^), 
where the Ck are constants only depending on K. 



Note that part in) is a generalization of the 'n log n' bound by E.M. Stein and J.O. Stromberg 
(see f32|) in normed Euchdean spaces. In this setting, parts i) and ii) are due to M.T. Menarguez and 
the second author in ||25T| . as well as the chain of implications i) =^ ii) =^ Hi). 

Moreover, A. Naor and T. Tao showed also in [28 1 that the 0{n log n) bound is optimal even in the 
setting of Ahlfors-David n-regular spaces, by constructing a sequence of such spaces (X„, dn, fJ^n) so 
that 

II^MnllLi(Mn)^Li'-(M„) > Cnlogn. 

Theorem 1 1.1 l ean be proved as in [25] or by an argument of Lindenstrauss present in |[22l (see also 
||28l). However, the main contribution of A. Naor and T. Tao in 1*281 is the following nice localizaton 
principle for maximal operators, from which they obtained Theorem II. li as a corollary. 



Statement i) of the theorem does not appear explicitly in | 
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Theorem 1.2. Let {X, d, /i) be a metric measure space and let /u be n-micro-doubling with constant 
Kq. If T C {0, oo) andp > 1, then we have the following localizaton property for the weak L^ norms 
of the associated maximal operator 

\\Mt\\lp^LP'°° < Cko + C'ko ^^P ||Mfc||LP^LP,oo. 

Here Mj^ denotes the restriction of Mt to times in [n , n^^], that is M^ = Mj-pr^fc „fc+ii, and Ckq 
and C'j^ are constants only depending on Kqu 

The proof given by A. Naor and T. Tao of this resuh is probabilistic and reUes on random mar- 
tingales and Doob-type maximal inequalities. Here we present (see Theorem 12 .11) a more geometrical 
proof based on covering lemmas and selection processes that is closer in spirit to the arguments in 
1321 . In addition, our result considers localization not only in time but also in space (see the statement 
of the theorem). The proof of this and the connection with Theorem 1 1.1 1 will be presented in Section 

m 

In the rest of the paper we restrict ourselves to the Euclidean case. We study measures given by 
a radial density, so that they can be defined in all dimensions. It is known that if these measures are 
finite, and hence are neither weakly-doubling nor n-micro-doubling, the (weak) LP operator norms 
of the associated maximal functions grow exponentially to infinity with the dimension at least for a 
range of values of p near I (see |[I1, Q and |[T3l ). There are cases in which this range of p's may 
consist of the whole interval [1, oo). An example of this is given by the Gaussian measure (see lITSl ). 

The situation changes if we consider measures that are strong n-micro-doubling in each R" with 
constants uniformly bounded in dimension. In this case Theorem 11.11 applies and the weak L^ oper- 
ator norms of the maximal function grow at most like 0{n\ogn). In Section [3?T] we study maximal 
operators associated with uniformly weakly doubling measures. For such measures n the main result 
of this section asserts that M^ is uniformly bounded on -LP(/x, M") for all p > 1. The same thing is 
true in weak L^ but restricting the action of M^ to radial functions. 

The previous results are obtained via the following characterization: /i is uniformly weakly dou- 
bling if and only if its density is essentially constant over dyadic annuli. This equivalence is proved 
using a new method of differentiation through dimensions presented in Section [ 



The case of decreasing densities is treated in Section 13.41 The situation here is that the uniform 
weakly doubling property can be obtained from surprisingly mild conditions. 

Finally, Section |4] contains examples of doubling measures with associated maximal operators 
failing to have uniform bounds. 



2. Localization principles 

In this section we will obtain Theorems 11.11 and 11.21 as a consequence of yet another localiza- 
tion theorem, whose proof avoids technical arguments from probability theory. The statement is the 
following: 



The constants Ckq andC^ obtained in (281 are ofthe order of C'(A'o) andO(l+loglog A'o/(l+logn)) respectively. 
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Theorem 2.1. Let {X, d, /i) be a metric measure space and let jjl be n-micro-doubling with constant 
Kq. If T C (0, oo) and p > 1 are fixed, then for each locally integrable function f over X and each 
A > one can find a disjoint collection of measurable sets {Ak}keZ such that 



H{{x £X : X< Mrfix) < 2A}) 



^ ^M^ 11/11 W) 



+ ^/x({x G X : Mk{fxA,){x) > C2A}) J , 
feez / 



where Ci and C2 are constants that only depend on Kq. 

It is not difficult to show tiiat Theorem 12.11 implies Theorem 11.21 To see this, given a locally 
integrable / and A > we write 

Ex = {xeX: Mrfix) > A}, 

Fa = {x G X : A < Mrfix) < 2A}. 

Note that by the disjointness of the collection {Ak}kez we have 

-p 



Y,K{x€X:MkifxA,)ix)>C2X}) < ^tEII^^'^IIl-^l-- / l/l''^^ 

^'^ k€Z Jx 



c-p 



Hence Theorem 12 . 1 1 gives the estimate 



^(l + sup||M,||^,_,^„.)||/||^,(^). 



This implies 



00 \ 00 

. ./ T 

23 X) 







^Ko I 1 I „„„ll)i/r_ IIP \ II f IIP 



l + sup||Mfc||^ 
kez 



l + sup||M,||^,^^„^j||/||^,(^) 



as wanted. 

Also part i) of Theorem 11.1 [ follows from Theorem 1 1.2 l osing the following argument. 

If r = {aj}j^i is an n-lacunary sequence then each interval of the form [n^,n^^^] contains at 
most one element of T. Theorem [L2] implies that 

jez 
We only have to show now that M^^ } is bounded independently of j. Since 

M{a,}fix) = .„/ .. / \fiy)\ di^iy), 

^" HiBix,aj)) JB(x,a,) 
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by the weak doubling property of fi and Fubini Theorem we have 

\\M{a,}f\\L^ = / /^. ^ XX / XB{x,a,){y)\f{y)\dfj-{y)dn{x) 

dfi{x)\f{y)\dfi{y) = Ki 



X JX 



IX KB{y,aj)) jBiy,aj) 

This says, in particular, that each Af r„ } is bounded on L^ with operator norm bounded by Ki. 

The implications i) =^ ii) and ii) =^ Hi) of Theorem 11.11 can be obtained through the same 
generic arguments given in ||25 l. The first one says that every maximal operator associated with a 
lacunary sequence is essentially majorized by log n operators associated with n-lacunary sequences. 
The second one says that the full maximal operator is majorized by n operators, each associated with 
a lacunary sequence. 

We now give a proof of Theorem 12. II 

Proof of Theorem \2A\ Given a locally integrable / and A > we write 

Fa = {x G X : A < Mrfix) < 2A}. 
Once we determine what the sets Aj are, we will have to prove that 

where we have used the notation 

Kp = YpWfWUp) + E/^(i^ ^ ^ ■ Mk{fXA,){x) > C2A}). 
fcez 

Note first that it is enough to prove the result for p = 1. To see this, given a function / in L^(/u) 
we consider f = f^ + f\ where 

h = /X{|/|<A} G i°°(/^)- 

Since 

Mrfix) < Mrf^ix) + Mrfxix) < Mrf^ix) + A, 
for MTf{x) > 2 A to hold it is necessary that Mrf^ix) > A. Hence, 

F2A C {x e X : A < Mrf^ix) < 4A} = d U G2, 
with 

Gi = {xeX :\< Mrf^ix) < 2A}, 
G2 = {xeX :2X< Mrf^ix) < 4A}. 
Then since f^ G ^^(/^) we apply the result for p = 1 to Gi and G2 to obtain 
m(F2a) < 2max(/i(Gi),;u(G2)) 

< C lcilj-^df, + ^f,{{x G X : M,(/Vj(x) > C2X})] 

< clcl|J-^d^l + ^K{x e X : MkifxA,)ix) > C2A}) j , 
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for each p > I. Since A is arbitrary the resuU is proved for any p > 1. 
Now we prove the result in the case that p = I, that is 

We consider the following collections of balls 

B = {B{x,R):xeX,ReT}, 
Bk = {B{x,R) ■.xeX,ReTn[n'',n''+^]}. 
Given a ball B £ B we denote by zb its center and by Rb its radius. We define the collection 

For each B £ A one can find a concentric ball B so that Rb/{^ + '^/n) < R^ < Rb and 

We will write B^ = B{zb,Rb - Rb)- Since 

Fa C U ^°> 

BeA 

it suffices to prove that 

JijbA<c,vI,. 

\B£A ) 
It is not difficult to see (see the argument preceding (12.41 ) below) that U^g^i?'^ is contained in a level 
set of My/ and, as a consequence, has finite ^u-measure. Using that X is separable and the monotone 
convergence there exists JK d A with %A!. < oo such that 



\BeA 
Hence, it is enough to show that 



leA' / \BeA / 



KBeA' J 



f 
A,l' 



with C independent of A'. Writing 

Ak:={BeA' -.Be Bk}, 
we have that A' = A^ U A? with 

^' = U Ak, 

k odd 

A" = [j Ak. 

k even 

Assume that /^(Use^i B^) ^ /^(Ubg^A^ B^) (if not, interchange the names), then /^(Use^i B^) — 
^fJ-iiJBeA' B^) ^^^ we just need to prove that 

\BeA^ ) 
For the sake of simplicity in the notation we rename A = A^. 
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Now we want to write the set [JseA ^^ ^^ ^ union of disjoint sets. Observe that A = {Bj}j=i^... „ 
for certain J. We define Dbi = B^, and if Db^ > • " " > -^Bm ^^ already defined, we take 



Db^+i = Bm+i \[J B[ 



m 





Then, we have 



We also define the functions 



\BeA 



3eA / \b€A / 



for B G ^ and 



9b{x) = ^;^Xb{^) 

Gk{x) = ^ gsix). 
BeAk 



We start a selection process. Take ki as the largest A; G Z with At / 0, then we take Gk-^ = G^j 
and Aki = Ati- Once G^.j, • • • , Gk^_-^ are determined for tti > 2, we take km as the largest k < 
km-i SO that Ak / 0. We say that B £ Ak^ ii B £ Akrr, and 

m— 1 

E Gk, < 1 
on i3. Then we define 

Gkrnix)= E ^^(^)- 

Since A is finite this process ends in a finite number of steps, and we have obtained G^i , • • • ; Gfc^^ 
for certain M. We call 

M 

■^= [j A„> 

m=l 

and claim that 

(2.1) fii\jDB]<{l + Ko)Y,l^iDB). 

\BeA J BeA 

To prove this claim note that if ^ G Ak^ \ Ak^, then there exists z e A such that 

m— 1 

Y.GkA^)>l. 
i=i 

Note that if A n i? / for some B G Ak^ with j < m, then ^ C B* := -B(xb, (1 + l/n)RB). Thus 
for all z G ^ we have 

Then, by Tchebychev inequality 
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< KoY^f^iDB). 
BeA 

Now that the claim is justified, we only need to prove 

(2.2) Yl ^'(^B) < CiVl^. 

BeA 

By the definition of B we have 

' M 



(23) ^MDs) S i E ^ /^ l/l "" "(Ob) = { ^ I/I E G^. 



For each j = 1, • • • , M we define Aj := supp Gk ■ We now take Am = Am and 



3 

M 



Aj=A,\ \J Ae. 
e=j+i 

If z e Am we have G^ (^) = if j > m, and then, by the way we selected Gk^ 

M m-1 

Y, Gfc, (z) = Gk^ (z) + Y Gk, (z) < Gk^ {z) + l. 
i=i i=i 

Then we have that 

M M 

Y.Gk,<Y.Gk,XA, + l, 
which combined with (12.11 ) and (12.31 ) yields 

BeA \ ^ i=i ^ J 

In order to bound the last sum note that 



J=^ J='^BeAk- 



Given B £ Ak^ , we say that B £ Al if 



KB) 
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Hence, we have 



i = l Rci* ^^ ' •'^ Re I 



1=^ B&Al BeA 



and this term can be absorbed in the left hand side of (I2.2I ). 

We now consider those balls that do not belong to any of the classes Al.. We claim that if 2; € 
B^, then B C B{z,Rb) C B*. The n-micro-doubling condition would imply then that fi{B) > 
fi{B*)/Ko > ^{B{z,Rb))/Ko and consequently if 5 G A, \Al. 



77 < -7m/ \f\XA,dfi< ° / \f\XA,dn 

2 KB)Jb fi{B{z,RB)) Jb(z,Rb) 

< KoMk^{fxA,){z). 
Thus, for such S, 

(2.4) i?0 C |x G X : Mfc^(/xA,)(x) > ^| . 

Therefore, using that for i? G ^ one has 

we conclude that 



.3 = 1 Rpi,. \i* ^^ ^ -^^ 



0=^BeAkAAl, 



M 
< 25] ^ /X(D5) 

A 



< 2 2^^( xGX:Mfc^.(/xA,)(x)> 
This finishes the proof, provided we justify the last claim. 

In order to do so, suppose that y ^ B, then 

\y - z\<\y - zb\ + \zB - z\ < R^ + {Rb - R^) = Rb, 
which means that y G B{z, Rb)- Assume now that y G B{z, Rb) 

\y - zb\ < \y - z\ + \z - zb\ < Rb + Rs/n = (1 + l/n)i?B, 
hence y ^ B*. The claim is proved. D 
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3. Uniform bounds for maximal functions associated with rotation invariant 

measures in euclidean spaces 

In the sequel we will consider X to be the Euclidean space W^, equipped with the Euclidean dis- 
tance and a rotation invariant measure with a radial density, so that it can be defined in all dimensions. 
The goal of this section is to show that, in this setting, uniformly weakly doubling measures have 
associated maximal operators satisfying dimension free bounds on the spaces L^. 

The notation that we will use is the following. By fi we will always denote a rotation invariant 
measure with a radial density w. That is dfi{x) = w{x) dx and w{x) = wo{\x\) with wq : [0, oo) — > 
[0, oo). Properly speaking, w and dfi are objects that change with the dimension. In particular, their 
integrability properties may be different from one Euclidean space to another. By a slight abuse of 
notation, we keep, however the same symbols to denote them in M" for all n. 

As usual, for a measurable set E C M", \E\ will denote its Lebesgue measure, dan-i will be 
the measure on S"~^ induced by Lebesgue measure on M" and ujn-i = crn-i(S" ^)- Also, for each 
j; e M" and i? > 0, we will denote by B{x, R) the Euclidean ball centered at x with radius R. For a 
ball whose center is the origin we will use the notation Br. 



3.1. Weakly-doubling measures in Euclidean spaces and uniform bounds. As a first and simple 
example that uniformity in the weak doubling condition implies uniform bounds we present 

Theorem 3.1. Let fi be a rotation invariant measure over M" that is absolutely continuous with 
respect to Lebesgue measure. If fi is weakly doubling with constant Ki and f is a radial function we 
have 

/x({x G M" : M^fix) > A}) < ^^^\^^ ^^ ||/||lHR".m)- 

Observe that if Ki is uniformly bounded in n, the above inequality provides a dimension-free 
bound for M^. This is a generalization of a result presented by M.T. Menarguez and the second 
author in Ii25l . There, it was shown that for all radial / over M" and A > one has 

(3.1) \{x G M" : Mfix) > A}| < ^||/||ii(Mn,d.)- 

A previous generalization was due to A. Infante, who pointed out (see ||20l . f2T\ ) that the same is true 
for M^, if /i is an 'increasing' measure. By this we mean that ii{B{x, R)) > n{B{y, R)) whenever 
y = ax with a > 1. In lH there is an independent approach with results similar to our Theorems 13. II 
and l4.3l These two results already appeared in [14]. 

The main result of the section asserts that the uniform weakly-doubling property of a measure fi 
ensures uniform bounds in the dimension not only for radial functions but, in fact, over the whole 
class of functions LP(M", d/i), ifp>l. 

Theorem 3.2. If there is a positive integer N so that fi is uniformly weakly-doubling in W^for n > N, 
then for each p > 1 there exists Cp only depending on fi and p so that 



\\^^lf\\LP{W^,fl) < Cp\\J ||LP(Rn,^), 

forall f GLP{W,fi). 
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In order to prove this result we first obtain the following characterization of radial measures that 
are uniformly weakly-doubling. 

Theorem 3.3. There exists N ^1^ so that dfj, = w{x)dx, with w^x) = wo{\x\), is uniformly weakly- 
doubling in W^ for each n > N if and only if w is essentially constant on dyadic annuli, i.e. there 
exists (3 > 1 so that for all R > one has 

(3.2) ess sup w{x) < /3 ess inf w{x). 

R<\x\<2R R<\x\<2R 

The proof of this employs a new method of differentiation through dimensions that is presented 
in Section IT2I With this characterization at hand, instead of proving Theorem 13. 2 1 we will prove the 
equivalent: 

Theorem 3.4. With the above notation, let w be essentially constant over dyadic annuli with constant 
/3. Then, there exists N so that fi is locally finite in M" for n > N and, for each p > 1, there exists a 
constant Cp only depending on p and f3 so that for n > N one has 

l|-^M/IUp(R",/i) — C'p||/||LP(Rn,^), 

forall f £ LP{R",fi). 

The densities |x|", a G M, provide examples of measures with this property. It is easy to see that 
in each case they are essentially constant over dyadic annuli with constant 2'"L 

At this point, let us make the simple observation that if w is essentially constant over dyadic 
annuli, then w can be compared pointwise with a continuous function in M" \{0}. In the sequel, we 
will assume, as we may, that under this hypothesis, w is indeed continuous with the possible exception 

at X = 0. 



Theorem 13.41 will be obtained as a consequence of the following results. 

Lemma 3.5. Let jjl be locally finite in M" and assume that its density w is essentially constant over 
dyadic intervals with constant f3. Then we have the following pointwise inequality 

M^fix) < C (Mf{x) + -±-M{fw){x)+n^f{x) 

\ W(X) 

where C depends only on j3, M is the usual Hardy-Littlewood maximal operator and Tifj, is defined 
as 

'H^f{x)= sup / \f{y)\dfi{y). 

R>\x\ l^y^R) J Br 

This transforms the problem of finding LP{p) bounds for M^ to the one of finding them for T-L^ 
and for M. 

Theorem 3.6. In the same hypotheses of Lemma \3.5\ assume that in addition we have the weighted 
inequalities 

.... l|M/||i.(^) < VFi||/||lp(^), 

^ ^ l|M/||i.(^i-.) < W^2||/||lp(«,i-p)- 

Then one has 

where the constant C only depends on (3, Wi and W2. 
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Note that the required weighted inequaUties are equivalent to w ^ ApH Api = j4jnin{p,p'}> where 
Ap = ApiW'') denotes the usual Muckenhoupt class of weights. The existence of Wi and W2 in (13.31 ) 
is guaranteed due to the following 

Lemma 3.7. Let w be essentially constant over dyadic intervals with constant (3. Then for each p > 1 
there exist A^ G N depending only on p and (3 so that w E Ap{MP-)for all n> N. 

The constants Wi and W2 can be taken, in fact, independent of the dimension, as the following 
result by J. Duoandikoetxea and L. Vega, appeared in [16], shows. 



Theorem 3.8. Let wq be a nonnegative function on (0,cxd), so that w = "Wod • |) G Ap(K ). Then 
for all n > N one has w £ Ap{W^). Moreover, 

II^/IIlp(R",-u;) < C'II/IIlp(M",w)! 

with a constant C that might depend on p and w but not on n. 



To complete the proof of Theorem 13.41 we have to show that if w is essentially constant over 
dyadic annuli, then there exists A^ G N so that w is locally integrable in M" for n > N. This 
is immediate once we have the following auxihary lemma, which will be used in different proofs 
throughout the paper. 

Lemma 3.9. Let w be essentially constant over dyadic intervals with constant /3. Then there exists 
A^ G N only depending on f3, so that for n > N one has in M" the control 

(3.4) f,{BR) = [ wix) dx < 2/3 woiR)\BR\. 

J Br 

In the remaining part of the section we present the proofs of Theorem 13.61 Lemmas 13.51 13.71 and 
I3.9l and Theorem 13. II in this given order. 

We start showing how Lemma 1375) implies Theorem 13. 6 1 
Proof of Theorem IX6l By Lemma [33] one has 

||m^/IUp(^) < c M|m/|Up(^) + 

where the constant C depends only on /3. 

By assumption we have 

||M/||,.p(^)<1^i||/|Up(^). 

We also would like to have 

<c||/|U.(^). 



M{fw) 



w 






-M{fw] 
w 



LpM 



Taking g = fw this is equivalent to 

l|-^5llLP(t«i-P) < C'llfl'llLP(t«i-P), 

which we know true by assumption with C = W2- 
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For T-L^ we use the standard argument for Hardy type operators. It is obvious that Ti^ is bounded 
on L°°{fi) with constant 1. We will show that it is also weakly bounded on i^(/u) with operator norm 
1. Then by real interpolation it is bounded on LP{fi) with operator norm controlled by an absolute 
constant. 

To see the weak type inequality take A > and consider Ex = {x ^ R."- : 'H^f{x) > A}. If 
X £ Ex there exists R^ > \x\ so that 

— ^/" \f{y)\d^^{y)>X. 

Note that then Br^ C Ex, and that 

^A= U Br^. 

Then Ex = Br for certain i? > and monotonicity gives 

^^{E\) = KBr) = sup n{BnJ < sup - / \f{y)\dfi{y) 

< \l \f{y)\dn{y). 

n 



Proof of Lemma [Ol We will bound the mean value over an arbitrary ball B{x, R). Fixing x and R, 
we consider different cases. 

If |x| > 2R and y G B{x, R) then 

1, , , , , , , , 3, , 

— \x\ < \x\ — R < \y\ < \x\ + R < —\x\. 

Since w is essentially constant over dyadic annuli, we have f3~^w{x) < w{y) < /3w{x). Hence 

1 /■ 13^ f 

\f{y)\w{y)dy < , , ,„, — z— - / \f{y)\w{x)dy 



fi{B{x, R)) Jb{x,r) w{x) \B{x, R)\ Jb{x,r) 

< (3^Mf{x). 

In the case that R/2 < \x\ < 2R one has that if y G B{x, R) \ Bji/2, then \x\/4: < \y\ < 3\x\, 
which implies f3~'^w{\x\) < w{y) < f5'^w{\x\). Hence, 

KB{x,R)) > i2{B{x,R)\Bn/2)>^w{x)\B{x,R)\BR/2\ 

> ^wix)\B{x,R)\. 

Therefore we have 

1 f 2/3^ f 

\f{y)\w{y)dy < — ^rr / \f{y)\w{y)dy 



^{B{x,R)) Jb^^r) w{x)\B{x,R)\ Jb{x,r) 

< -^M{fw){x) 
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Last, we consider that |x| < R/2. We split the ball B{x,R) into two disjoint pieces -B/j/2 ^nd 
B{x,R) \ Bji/2 ^nd integrate over them separately. For the first one 

.„/ p^^ / \f{y)\ df,{y) < — ^ / |/(y)| dfi{y) < n^f{x). 
n{B{x,R)) Jb^^2 f^{BR/2) Jbh^^ 

For the second one note that if y G B{x, R) \ -B/j/2 then R/2 < \y\ < 3R and then P~'^wo{R) < 
w{y) < 0^wq{R). This implies that 

^Ji{B{x,R)) > fi{B{x,R)\Bji/2)>^wo{R)\B{x,R)\BR/2\ 

- J^MR)\B{x,R)\, 

and then we get 

777^7^ / \fiy)\My) 

IJ.[B[X,R)) JB{x,R)\Bji/2 

^ -iwmr^K\l \f{y)\w,{R)dy 

wo{R) \B{x,R)\ Jb(x,r)\Br/2 



< 2/3^M/(x) 



n 



Remark. Both, Theorem 13.61 and Lemma 13.51 do not require fi to be radial. For the applications, 
however, this requirement is the most natural in order to define fi and M^ simultaneously in all 
dimensions and to study whether or not there are uniform bounds as n — > oo. 



Proof of Lemma U77\ We have to prove that w G Ap{M.'^) for some N ^ N. That is, there exists a 
constant C > so that for all x G M^ and R > one has 



/ w{y)dyl'f w;(y)V(i-p)dy| < C. 

Jb(x,R) \Jb(x,R) J 



p-1 

u;(y)V(i-p) dy ] 

3(x,R) \JB{x,R) 

Observe that w^'^^^^' is also constant over dyadic annuli. This is easy because 

/ \ i/(i-p) 

sup w{x)^'^^~P' = I inf w{x) ] 

R<\x\<2R \R<\x\<2R ) 

< /3^ sup w{x) 

V R<\x\<2R ) 

= /3i/(P-i) inf w{xf/^^^P\ 

R<\x\<2R 



p-1 



16 A. CRIADO AND F. SORIA 

Then we can choose N so that (13.41 ) holds for w and to^/^^^P) in M^. If |x| < 2R, one has B{x, R) C 
B'iji and then 

/ w{x)dx [i w{x)^I^^-'pUx\ 

JB{x,R) \Jb{x,R) J 

< 3^"-/ w{x)dx('f w{x)^/^^-pUx 

< (2 3")P/32. 
Assume conversely that |x| > 2R. If y G B{x, R), then |a;|/2 < \y\ < 3|x|/2 and consequently 

/3^ w{x) < w{y) < j3w{x). 
Hence, 

'^) dy 



-f w{y)dy f w{yf'^'^ 

Jb{x,R) \Jb{x,R) 



D 



Proof of Lemma 1X9] Assuming that we are in M^ with 2^ > /3 we have 

-R J^ r'^-^R 

. , '' dt 
j=o- 

j=0' 



rn ^^ rZ ■'it 

fi{Bn) = ojN-i wo{t)t^-^ dt = ojN-iyZ w{t)t^-^~ 

Jo j^Q~'2-J-i_R 

OO f.2~^R 

E/ (3^^'wo{R)t^-'^ 

< l3wo{R) j^2^\i^j =Y^jj:^wo{R)\Bi,\ 



3=0 

Taking N big enough one has that 1/(1 - /3/2^) < 2, as stated. D 



For the proof of Theorem 13.11 we will follow [551. First, associated with a weight u on M we 
define the non-centered maximal function 

(3.5) M,F{x)= sup } I \F{t)\v{t)dt, 

a<x<hv[Xa,b\) Jya,b] 

for each F locally integrable with respect to v. Then, using a simple covering argument for intervals 
in R one has the estimate 

(3.6) v{{r > : MyF{r) > A}) < - / \F{r)\v(r) dr, 

(see EH, im or ||23l). 

We make now the following definition. Given a measurable set E G R" we define its projection 
onto the sphere S"^^ by 

Y.E = {0 e S"~^ : rO eE for some r > 0}. 
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The following geometrical result can be found in ||25l . 

Lemma 3.10. For each ball B{x, R) G M" there exists a set D such that 

(a) B{x, R) C D, 

(b) T,D = ^B{x,R)> 

(c) for each £ S/j there exist < ao < bg such that r6 G D if and only if ag < r < bo, 

(d) \x\6 £ D for each 6 G cr/j (this means ag < \x\ < bg), 

(e) D is contained in the union of B{x, R) and another ball B{z, R) with z G B{x, R). 



Using this, we prove Theorem 13.11 

Proof of Theorem 1X7] By conditions (|a]) and dgj and the hypothesis that /i is weakly doubling, we 
have 

^ ^ \f{y)\dKy) < -7^^^ [ \f{y)\dfi{y) 



fi{B{x, R)) Jb(x,r) KB{x, R)) fi{D) Jo 

Assume that f{x) = fo{\x\) and set v{t) = wo{t)t"~^. Now we integrate along each ray coming 
from the origin and use conditions ©-0 

\f{y)\dfi{y) = f r \Ut)\v{t)dtdan{e) 

4l*Mri/„(*)i.«)<i,d.„((-) 



Note that 



< / v{[ae,be])M,fo{\x\)dan{e). 

J -Ed 



v{[ag,be])dan{e)= / v{t)dtdan{9) = fi{D), 

Sl5 ^Sd Jag 



Hence we have proved that 

1 



\f{y)\dfi{y)<{l + K^)M,fo{\x\), 



n{B{x,R)) Jb{x,r) 
and, since R is arbitrary, M^f{x) < (1 + Ki)MyfQ(\x\). Integrating in polar coordinates we have 

fi {{x G M" : Mf{x) > A}) < LOn-i v(!.r>0 : M,/o(r) > ^ 



1 + i^i 
By ( I3.6I ) the latter term is bounded by 

'^^^\^'K n-i r\foit)\vit)dt='^^^\^ f \f{x)\dfiix). 

'^ Jo ^ JR" 



D 
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3.2. Differentiation through dimensions. In this section we introduce a new technique that will be 
useful in settling several questions mentioned in this work, among them, the proof of Theorem 13. 3 1 It 
starts with the following observation: take, in each Euclidean space R", a ball B^ of a fixed radius R 
and with center at a fixed distance s from the origin. If wq € Lj^f-iiO, cx)),t^~^dt), for some A^ > 1, 
and m„ denotes Lebesgue measure in R", then the limits 



lim -f wo{\x\) dmn{x) 

exist a.e. depending on R and s. Observe that our integrability condition on wq ensures that the 
function w{x) = wo{\x\) is locally integrable in each M" whenever n > N. Let us remark at this 
point that for balls i?" of the same radius one always has lim„_^oo ?7in(-B") = 0. This is not however 
the reason for this phenomenon that we will refer to as "differentiation through dimensions". The 
precise statement of this type of differentiation is contained in the following result. 

Lemma 3.11. Take wq G LI^^^.{[0, oo),t dt) for some N > \. Then, for almost every T > and 
for all s > and R > so that s^ + R? = T^, if we take points z" G R" with | z" | = s and we 
denote B{z^, i?) = {y G M" : |z" - y\ < R], the following holds 

lim f wo{\x\)dmn{x) = wo{T). 

■^^•^ J B{z" ,R) 

Proof The idea is to exploit the fact that in high dimensions the measure of a ball concentrates around 
'maximal circles'. We will assume that wq is positive. 

Fix r > 0, and take positive s, z" E R" with \z'^\ = s and R with s^ + R^ = T^. Observe that 

wq{\x\) dmn{x) = — / WQ{t)An{t)e ^dt. 

B(z'^,R) UJn~iri J{s-R)+ 

where A„(i) = At^\t) = \{e G S"-i : tO € -B(z", i?)}|^_^. Define 

^n—l-tt 

With this notation we have 

/■oo 

wo{\x\) dmn{x) = / wo{t)ipi''^\t) dt =: ^^^^wq. 



B{z",R) 

For a continuous wq the proof follows if we show that ipn — > 6t in the sense of distributions. For 
this it is enough to check that ifn is an approximation of the identity at the point t = T, that is 

i) V'n. > for all n G N, 

ii) fZo Mt) dt = 1 for all n en, 
iii) Ve > one has /^(n) = furpi^e fn{t) dt - — > 0. 
Note that HI) is trivial and [nil is immediate from the observation that 

iOn-l r An{t)t"-Ut=\B{z'',R)\,,. 

J{s-R) + 

To see [mil observe that /^(n) = I^{n) + l'^{n) where 

Tlf ^ r~" r.W. \B{z^.R)r^BT-e\n , ( RlV n^ „ 

'^^"^ = loo ^"^^^'^= \B{zn,R)U Hl^J ^°' 

r2/ ^ f°° (+\^+ \B{z'^,R)\BT+e\n . ( R'iY' n-^qo 
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and Ri and R2 are the radii of the minimal balls that contain B{z"-, R) n Bts and B{z"-, R) \ Bt+e 
respectively. It is obvious that Ri,R2 < R- This proves Lemma [3.11[ VT > 0, if wq is continuous in 

[0,00). 

For a general wq we have to show that, if Pj- = {{s , R) : s >0, R> 0, s"^ + R'^ = T^}, the set 
Eq{wo) defined as 

It G [e,ro] : 3{s,R) G Pt : limsup$(f'-^)u;o - liminf $(f'-^)u;o > 

[ n->oo "-^^ 

has measure for every e, Tq with < e < Tq. 

To that end, we fix T G [e, Tq]. For t G [(s — R)+, s + R] we denote by y{t) the diameter of the 
set dBt n B{z"-, R). Observe that y{t) < R and that y increases with t up to the point t = T, where 
it attains its maximum, and then decreases in (T, s + R). Also, for each t £ [\s — R\, s + R] we call 
a{t) the angle between the segment connecting the origin with z" and the one joining the origin with 
any point in dBt n dB{z^, R). Clearly y{t) = tsina(t). 



Observe first that the function ifn' ' is decreasing in the interval [T, s + R]. To see this note that 



(3.7) 



An{t)f 



n-1 



t 



n-1 



a{t) ry{t) 

(sin/3)"-2(i/3= / 
Jo 



,n-2 



du 



^n-2 Jq ' Jo V^l- (u/tf 

and that, both, the integrand and y{t) decrease with t in this interval. Hence, 



s+R 



'ipt'^Ht)wo{t)dt<M^wo{T), 



where M_>. denotes the one-sided maximal operator 



1 rt+h. 

M^/(t)=sup-/ \fis)\ds, 

h>0 li Jt 

and IZJo is the restriction of wq to the interval [e, 2Tq]. 

Let us assume that s > 0. If ^ < a{t) < it, we will use that 

(3.8) 



t'-^A^'^Ht)< 



nf 



n-N 



ii« 



This case may happen only if R > s and, then, t < V-R^ — s^ < R. For a{t) < ^ we have the 



estimate 
(3.9) 



tl-A^^(«,iJ)(,)< 



nt 



n~N 



Wn-li?" 



u}n-2 a{t) sin" ^ a{t) < 



LOn-lR"" 2 



^yity 



Combining (13.81 ) and ( 13.91 ) we see that for all Iq < T we have 



lim 

n— >oo 



supt^-^^^^)(t) 

t<to 



0. 



As a consequence, ifto<T 



lim sup / ipl^'^\t) wo{t) dt < lim 

n— >-oo Jo n— >-oo 

= 0. 
Still for a{t) < f , we make the observation that 



supt^-^c,(^'«)(t) 



t<to 



to 



WQ{t)t 



N-l 



dt 



An{t)=u}n-2 / (sin/3)" "'cos/3 COS /3d/3, 
Jo 
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and so, ^ sin"-i a{t) < A„(t) < ^ sin""! a{t) cos"^ a{t). Thus, if we call 

then we have the double estimate 

^(f'^Hi) < V^n'^'Ht) < ^t'^Kt) • cos-1 a(t). 
It is important to point out that (^„ ' (t) is increasing in [0, T] and that 

[0,T] J [0,T] 

The final observation is that there exists ti = ti{s, R) < T, so that a{t) decreases in [ti, T]. Hence, 

for Iq £ [max{ti, e}, T) we have 

rp rp 

I <fll''^\t)wo{t) dt < I g>^^^^\t)wQ{t) cos-^ a{t) dt 

J to J to 

< cos~ a{tQ)M^wo{T), 
where M^ is the maximal operator 

M^/(t)=supi /" \fis)\ds. 

h>0 IT' Jt-h 

For this to. 

limsup$(f'-^)t(;o = limsup(/ ip^^'^^t)wo{t) dt + ip^^'^\t)wo{t) dt 

< cos~'^a{to)M^wo(T). 
Taking the limit as to — ^ T^, we have 

T 

limsup$(f'^)t(;o < cos~'^ a{T)M^wo{T) = - M^wo{T) 

n—^oo S 

Therefore, if R/s < k for k £ N we have 

limsup$(f-^)wo < M^WoiT) + (1 + k)M^Wo{T) < 3kMwo{T), 

with M denoting, as in (I3.5I ). the non centered one dimensional maximal operator 

r-fe 



Mf{t)= sup -^ / \f{s)\ds. 

a<t<b — a Ja 



Observe that if s = 0, then ipn ' (t) is an increasing function in the interval [0, T]. Arguing as before 
to remove the integration on [0, e], we have 

limsup$^°'^)wo < M^wo{T) < Mwq(T). 

ra— )-oo 

To finish the proof, for T > and /c G N we denote P|; = {{s,R) : s,R > 0, R/s < 
k, s^ + R^ = T^} U {(0, T)} and we define for A > the set EI{wq) as 

|r € [e, To] : 3(s,i?) G P| : limsup$(f-^)w;o - liminf ^(f'-^^u'o > aI . 

t n-)-oo "-i-oo J 
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Note that if g is continuous, the previous considerations and (|3.6l l give 

|t > : 6kM{wo-g){T) > x\ 



Et{w,) 


= 


Ei{wQ-g) 


< 




< 


12A;,, 


Li; 



This last term can be made as small as needed with an appropriate choice of g. Therefore |£'^(wo) | = 

0. As a consequence, |£;^('u;o)| = |Ua>o-^a('^o)| = and, hence, |-Eo(u'o)| = |UfceN-^o('^o)| = 0, 
as wanted. 

D 



3.3. Some applications of the differentiation through dimensions. As a consequence of this new 
technique of differentiation, we prove here Theorem 13. 3 1 and show the equivalence between the two 
properties of weakly doubling and strong n-micro-doubling when they hold uniformly with the di- 
mension. 

Proof of Theorem [Ol First suppose that /i is uniformly weakly doubling with constant Ki in each 
M" with n > A^ for some A^ G N. We have to prove that w is essentially constant over dyadic annuli. 

With Pt as in the previous proof, let 

r={r>0: lim ^(^/f'^|) =u;o(T), V(|."|,i?) G P^ 

We know from Lemma l3.11l that T has full measure in (0, oo). 

Now, for i? e r and T G r n [R, 2R] we take z"" G M" with |z"|2 + R^ = T^. Observe that 
< |z"| < y^(2i?)2 - i22 = ^R^ so that Br n 5(2", i?) / 0. By the hypothesis on ^ 

1 m(^k) < KBiz^,R)) ^ ^^ KBr) 



Ki \Br\ - \Br\ - \Br\ 

Taking limits when n — )■ cxd, as we may since R,T £ T we get 

(3.10) —wo{R)<wo{T)<Kiwo{R). 

This shows that wq is essentially constant on dyadic intervals with constant P = Ki. 

The reverse implication is straightforward and will be omitted. D 

We finish this section with a proof of the following important equivalence. 

Theorem 3.12. A rotation invariant measure n is uniformly strong n-micro-doubling in each W^ for 
n > N if and only if fj, is uniformly weakly doubling. 



Proof. In view of Theorem 13. 3 1 we only need to prove that a measure given by a radial density that is 
essentially constant over dyadic annuli, is also uniformly n-micro-doubling. 

Assume that w is essentially constant over dyadic annuli with constant /3 and take n > A^ for the 
A^ G N obtained in Lemma |321 Given x G M" and i? > 0, we will write B*{x, R) = B{x, (1 + 
l/n)R). We first consider the case |x| > 3R, which implies that (1 + l/n)R < 2|x|/3. If y G 
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B*{x, R), then |x|/3 < |y| < 5|x|/3 which means that /3^^ w{x) < w{y) < /3^w(x). From this we 
get 

fi{B*{x,R)) = I w{y)dy<f3^w{x)\B*{x,R)\ 

J B*(x,R) 

< e/32 w{x) \B{x, R)\ < 6/3^ fiiB{x, R)). 

If \x\ < 3R we spht B*{x,R) into two disjoint pieces. For the one intersecting Bji/2 we use 
Lemma 1X9] as follows 

f,{B*{x,R)nBji/2) < fi{Bji/2) < 2l3wo{R/2) {Bj^/^l < /3^ wo{R) \Br\. 

In the complementary piece w is essentially constant: if y G B*{x, R) \ Bji/2, then R/2 < \y\ < 5R, 
which means that /3^'^wo{R) <w{y) < /3^ wo{R). Hence 

fi{B*{x,R)\BR/2) < (3^wo{R) \B*{x,R)\ < ep"" w^{R) \Br\. 

On the other hand note that if y G B{x,R) \ Bf>/2 then R/2 < \y\ < AR and consequently 

p-'^woiR) < w{y) < /32 wo{R). This yields 

fi{B{x,R)) > f,{B{x,R)\Bj,/2)>^wo{R)\B{x,R)\BR/2\ 

D 



Remark. Observe that the only thing that we have really proved here is that a uniform weakly 
doubling property implies a uniform micro-doubling property. The reciprocal is not true. In the last 
Section, we show an example of a density for which the associated measure is uniformly n-micro- 
doubling but is not uniformly weakly doubling. 



3.4. Decreasing densities. Radial measures with decreasing densities have some interesting and 
sometimes surprising properties. For instance, to ensure that a measure with such a density is uni- 
formly weakly bounded, it is enough to check this condition just in one concrete Euchdean space. 

Proposition 3.13. Let wq be a decreasing function over [0,oo). If fi is weakly doubling in W for 
some N &N, then /x is uniformly weakly doubling in W^ for all n > N. 



Proof. Assume that /x is weakly doubling with constant Ki in M^ for some A^ G N. By Theorem 
3.31 we only need to show that w is essentially constant over dyadic annuli. Given R > 0, if R < 
\x\ < 2R, since wq is decreasing, one has wo{2R) < w{x) < ■wo{R). Thus, we only need to 
check that w{R) < Cw{2R) with C independent of R. To do so, consider a point z G M^ so that 
\z\ = R/2. Take z' = 3z and z" = bz and consider the balls B = B{z, R/2), B' = B{z', R/2) and 
B" = Biz", R/2). 
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B \ 


B' \ 


B" 




I 2, 


1 z 


/ z" \ 





\R/2 / 


v'^ 


v_J 



'R 



2R 



3R 



By the weakly doubling property of /i we have that /i(-B) < Kifx{B') < Kl^{B"). For all y G S 
we have wq{R) < w{y) and for all y G B" we have w{y) < wo{2R), this yields 

wo{R) <4^<k! 4^ < Kl wo{2R). 



\B\ 



\B"\ 



Also, if the density is decreasing, the reciprocal implication in Theorem 13. H is true. 



n 



Proposition 3.14. Let wq be a decreasing function over [0, oo). Assume that there exists C > ^ so 



that for some N > one has \\M, 



MllLi 



weakly doubling in W^ for all n> N. 



,dt^)^L^:^(^''''i^'') 



< C for all n> N. Then fi is uniformly 



Observe that by Theorem 13.21 the hypothesis in the previous proposition also implies that M^ 
is uniformly bounded on LP(M", dfi) for all n > A^. It is remarkable that a boundedness condition 
over radial functions implies one for general functions. The proof of this Proposition is based on 
differentiation through dimensions. 



Proof. Assume that M^ satisfies the weak L^{fJ.) inequality 



^ {{x G M" : M^fix) > A}) < ^ / \fix)\ d^i{, 



for all / G -^rarf(I^") and n > A^ for certain A" G N, with C* independent of / and n. As before, it 
is enough to show that w is essentially constant over dyadic annuli. Since wq is decreasing, it suffices 
to prove that wq{R) < Cwq{2R) with C independent of R. Fix i? > and for each n > N, take 
z" G M" so that |z"| = R. Set / = xb, with < e < i? and 

fi{B{z'\R + e)) 



A 



KBe) 



Clearly we have Br C {x G M" : M^f{x) > A}, which together with our hypothesis gives 

1^{Br) < ^ / |/(x)| dfi{x) = a KBiz"", R + e)). 

Letting e — )• 0+, by monotonicity we obtain iJ-{Bji) < C^:fi{B{z"', R)). In particular we have 

KBr) ^ a{B[z^\R)) 
\Bn\ -''* \B{zr^,R)\ ' 

and now we differentiate through dimensions. Letting n — )• oo in the last inequality. Lemma 13.111 
gives wq{R) < C^,wo{V2R) from which we deduce that wo{R) < Cwq{2R) with C = C^. D 
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We now make a connection between the previous hypotheses and the Muckenhoupt Ai condition. 
We recall that for a positive w G Lj^^ (M") the j4i-constant we call [ti^]yi^ (Rn) is defined as the smallest 
constant C so that 



i 



w{y) dy < C ess inf w{y), 

B(x,R) yeB{x,R) 

for all X G M" and R > 0. Under the hypothesis that wq is decreasing in [0, oo) and dfi{x) = 
wo{\x\) dx is uniformly weakly doubling we will show that w{x) = wodxl) G Ai{W^) for all 
sufficiently large n. Moreover, the Ai -constants can be bounded independently of n. The precise 
statement is the following. 

Proposition 3.15. Let wq be a decreasing function over [0, oo) and essentially constant over dyadic 
intervals with constant (3. Then there exist N > Q and C > only depending on /3 so that [w]y^^ mn\ < 
Cfor all n>N. 



Proof. Assume that w is essentially constant over dyadic intervals with constant /3 and take n > N 
for the N given in Lemma 13.91 We have to find a constant C > so that for all x G M" and R > 
one has 

KBixjT)) 

-—— — — — < 6 mt w(y). 
\B{x,R)\ ~ yeB{x,R) ^ ' 

If I a; I < 2R, since w is decreasing and using Lemma [l!9] and that w is essentially constant over dyadic 
annuh one has 

\B[x,R)\ \Bji\ 

This finishes the proof in this case because now using again that wq is decreasing we obtain 

'Wo{4:R) < inf w{y) < inf 'w{y). 

y&BiR y&B{x,R) 

If |x| > 2R then w is essentially constant over B{x, R). Indeed if y G B{x, R) then \x\/2 < \y\ < 
3|x|/2, which implies that /3^^w{x) < w{y) < (3w{x). Hence, 

^^^/^'^l^ < /3 w{x) < /32 inf w{y). 

\B{x,R)\ -^ y ) -^ y&B(x,R) ^^' 

u 



The amazing thing here is that the reciprocal statement of this last proposition is also true. 

Proposition 3.16. Let wq be a non-negative function over [0,oo) and set w{x) = wo{\x\) so that 
w G Ai{W"') for n > N > 0. If there exists C* > so that [w]y^-^^(^n\ < C-^for all n > N, then wq 
is essentially constant over dyadic intervals and comparable with a decreasing function. 

Proof of Proposition \3. 16\ It is enough to prove that w is comparable with a decreasing function w 
because then w ^ Ai and, therefore, w is (weakly) doubling. By Proposition 13 . 1 3 1 and Theorem 13.31 
we would have that w is essentially constant over dyadic intervals, and hence so is w. 

It suffices to check that there is a constant g > so that wo{t) < qwo{s) whenever < s < t. 
For < s < t and n > N, take Xn, yn £ I^" so that Xn is a multiple of y„ and \xn\ = s, \yn\ = t. 
Consider the ball B{xn, R) with R^ = t^ - s^. 
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By hypothesis we have, in the almost everywhere sense, 

-— -— < C* w{xn) = C\ wo{s). 

\B{Xn,R)\ 

Letting n — )■ oo, by the differentiation through dimensions of Lemma |3.11| we get that 



Wo 



(t) = woiVs^ + R'^) < C, U'o(s), 



for almost every s <t. 



U 



4. Further results and remarks 



4.1. Examples of measures that are not uniformly weakly-doubling. Each measure /i with density 



w{x) 



1 



for < a < 1 is doubling on M" for each n € N, but is not uniformly weakly 



doubling. To see this observe that in each M" one has n{Bi) > Can"\Bi\. Using differentiation 
through dimensions, if \z\ = 1, then n{B{z, l))/\B{z, 1)| "^ w{V2) = (\/2- 1)"°. This says that 
the measures of the intersecting balls Bi and B{z,l) are not comparable with constants independent 
of the dimension. 

Using this idea we can also prove that there are not uniform weak L^ (/i) bounds for the associated 
maximal operator. 



Theorem 4.1. Let fj, be the measure defined above and let Ci^„ be the smallest constant satisfying 

/x({xGlR":M^/(x)>A})< ^'-"i 
for all / G L^(M", ^). Then, one has Ci^„ > cn°^. 



A 



,/^)' 



Proof. Using discretization (see |[T9l and ll24l '). or the argument in the proof of Proposition 13.141 
we may consider M^ acting over finite sums of Dirac deltas instead of integrable functions. For 
5q = linie^o XBe {^)/ l^{Be), in the sense of distributions, the weak L^ (/x) inequality reads 

Cl,n 



(4.1) 



/i({x G M" : M^5q{x) > A}) < 



A 



Note that Mf^6(){x) = l/fi{B{x, \x\)) for each x 7^ 0, which makes M^^do a radially decreasing 
function. Then taking A = M^5o{z) with \z\ = 1 we have {x e W : M^5o{x) > M^5oiz)} C Bi 
and from (14. Il l we obtain 



Cl,n > 



KBiz,l))' 
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This, together with the previous observation that /x(i?i) > Cn^\Bi\ and that fL{B{z, l))/\Bi\ — ;> 
w{\/2) as n — 7- oo, proves the result. D 



Remark. One can prove with some extra work that /x is uniformly n-micro-doubling. It is also weakly 
doubling but in this case with a constant Ki ~ n" in each W^. In particular, Theorems 11.11 and 14. 1 1 
imply that d,n < cn^"^° logn. 



4.2. Families of measures changing with the dimension. As we have seen in the preceding sec- 
tions, maximal operators associated with measures given by power densities have L^ operator norms 
bounded with respect to the dimension. An interesting observation by J.M. Aldaz and J. Perez Lazaro 
in 131 showed that given an exponent p (as large as wanted) there exist families of power weights 
such that the L^ bounds of the associated maximal operators grow to infinity as n — > oo. The twist 
here is that the powers change from one dimension to another. To be more precise they considered 
measures i^q, „ given by the densities |x|~"" over R" with < a < 1. Their result is the following 
(see Theorem 3.12 in ||3]|). 

Theorem 4.2. Given po £ [1, oo), there exist oq S (0, 1) and a > 1 such that for all p G [1, Po] <^^d 

all a G [ttO) 1) one has 

^(l-a)n 

It is implicit in the proof given in [3| that oq — > 1 as po — ^ oo. This leads to the question of 
whether, fixing a, M^^ ^ may satisfy a uniform L'p bound for large p. We can apply the method used 
in Theorem lITSl for the Gaussian measure to show that this is not the case when a > 1/2. 

Theorem 4.3. For each a G (1/2, 1) there exists a constant a > 1 such that for all p G [1, oo) 

even if the action is restricted to radially decreasing functions. 
The proof of this result can be found in |[T4l and in ||4]. 

A consequence of this result is that for these families of measures the constants of the n-micro- 
doubling and the weak doubling conditions grow to infinity with the dimension (see Theorems 11.11 
OandlHl). 



References 

[1] J.M. Aldaz, Dimension dependency of the weak type (1,1) bounds for maximal functions associated to finite radial 
measures. Bull. Lond. Math. Soc. 39 (2007), 203-208. 

[2] J.M. Aldaz, The weak type (1,1) bounds for the maximal function associated to cubes grow to infinity with the dimen- 
sion. Ann. of Math. (2) 173 (2011), no. 2, 1013-1023. 

[3] J.M. Aldaz, J. Perez Lazaro, Dimension dependency of L^ bounds for maximal functions associated to radial mea- 
sures. Positivity 15 (2011), 199-213. 

[4] J.M. Aldaz, J. Perez Lazaro, On high dimensional maximal operators. Banach J. Math. Anal. 7 (2013), no. 2, llS-lAi. 

[5] J.M. Aldaz, J. Perez Lazaro, The best constant for the centered maximal operator on radial decreasing functions. 
Math. Inequal. Appl. 14 (2011), no. 1, 173-179. 

[6] G. Aubrun, Maximal inequality for high-dimensional cubes. Confluentes Math. 1 (2009), no. 2, 169-179. 

[7] J. Bourgain, On high-dimensional maximal function associated to convex bodies. Amer. J. Math. 108 (1986), no. 6, 
1467-1476. 



LOCALIZATION AND DIMENSION FREE ESTIMATES FOR MAXIMAL FUNCTIONS 27 

[8] J. Bourgain, On the U' -bounds for maximal functions associated to convex bodies in R". Israel J. Math. 54 (1986), 

no. 3, 257-265. 
[9] J. Bourgain, On dimension free maximal inequalities for convex symmetric bodies in R". Geometrical aspects of 

functional analysis (1985/86), 168-176, Lecture Notes in Math., 1267, Springer, Berlin, 1987. 
[10] J. Bourgain, Averages in the plane over convex curves and maximal operators. J. Analyse Math. 47 (1986), 69-85. 
[11] J. Bourgain, On the Hardy-Littlewood maximal function for the cube arXiv:1212.266vl. 
[12] A. Carbery, An almost-orthogonality principle with applications to maximal functions associated to convex bodies. 

Bull. Amer. Math. Soc. (N.S.) 14 (1986), no. 2, 269-273. 
[13] A. Criado, On the lack of dimension free estimates in U' for maximal functions associated to radial measures. Proc. 

Roy. Soc. Edinburgh Sect. A 140 (2010), no. 3, 541-552. 
[14] A. Criado, Problems of harmonic analysis in high dimensions. Ph.D. thesis, Universidad Autonoma de Madrid, 2012. 
[15] A. Criado, P. Sjogren, Weak U' bounds for maximal functions associated to rotational invariant measures in W^ for 

large n. To appear in J. Geom. Anal. 
[16] J. Duoandikoetxea, L. Vega, Spherical means and weighted inequalities. J. London Math. Soc. (2) 53 (1996), no. 2, 

343-353. 
[17] J. Garcia-Cuerva, J.L. Rubio de Francia, Weighted norm inequalities and related topics. North-Holland Mathematics 

Studies, 116. Notas de Matematica [Mathematical Notes], 104. North-Holland Publishing Co., Amsterdam, 1985. 
[18] A.M. Garsia, Topics in almost everywhere convergence. Lectures in Advanced Mathematics, 4 Markham Publishing 

Co., Chicago, 111. 1970. 
[19] M. de Guzman, Differentiation of Integrals in R". Lecture Notes in Math., Vol. 481. Springer- Verlag, Berlin- New 

York, 1975. 
[20] A. Infante, Andlisis armonico para medidas no doblantes: operadores maximales con respecto a la medida gaussiana, 

Ph.D. thesis, Universidad Autonoma de Madrid, 2005. 
[21] A. Infante, Free-dimensional boundedness of the maximal operator Bol. Soc. Mat. Mexicana (3) 14 (2008), no. 1, 

67-73. 
[22] E. Lindenstrauss, Pointwise theorems for amenable groups. Invent. Math. 146 (2001), no. 2, 259-295. 
[23] M.T. Menarguez, Tecnicas de discretizacion en Andlisis Armonico para el estudio de acotaciones debiles de oper- 
adores maximales e integrales singulares. Ph. D. thesis, Universidad Complutense, Madrid, 1990. 
[24] M.T. Menarguez, F. Soria, Weak type (1,1) inequalities for maximal convolution operators. Rend. Circ. Mat. Palermo 

(2) 41 (1992), no. 3, 342-352. 
[25] M.T. Menarguez, F. Soria, On the maximal operator associated to a convex body in R". Collect. Math. 3 (1992), 

243-251. 
[26] B. Muckenhoupt, E.M. Stein, Classical expansions and their relation to conjugate harmonic functions. Trans. Amer. 

Math. Soc. 118 1965 17-92. 
[27] D. Miiller, A geometric bound for maximal functions associated to convex bodies. Pacific J. Math. 142 (1990), no. 2, 

297-312. 
[28] A. Naor, T. Tao Random martingales and localization of maximal inequalities, J. Funct. Anal. 259 (2010), no. 3, 

731-779. 
[29] J.L. Rubio de Francia, Maximal functions and Fourier transforms. Duke Math. J. 53 (1986), no. 2, 395-404. 
[30] E.M. Stein, Maximal functions. I. Spherical means Proc. Nat. Acad. Sci. U.S.A. 73 (1976), no. 7, 2174-2175. 
[31] E.M. Stein, The development of square functions in the work of A. Zygmund. Bull. Amer. Math. Soc. (N.S.) 7 (1982), 

no. 2, 359-376. 
[32] E.M. Stein, J.O. Stromberg, Behavior of maximal functions in R^ for large n. Ark. Mat. 21 (1983), no. 2, 250-269. 
[33] E.M. Stein, G. Weiss, Introduction to Fourier analysis on Euclidean spaces. Princ. Math. Sen, No. 32. Princeton 

University Press, Princeton, N.J., 1971. 

Alberto Criado 

Departamento de Matematicas, Universidad Autonoma de Madrid, 28049 Madrid, Spain 

E-mail address: alberto . criadoSuam. es 

Fernando Soria 

Departamento de Matematicas and Instituto de Ciencias Matematicas CSIC-UAM-UCM-UC3M, 
Universidad Autonoma de Madrid, 28049 Madrid, Spain 
E-mail address: f ernando . soria@uam. es 



